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Whether at zero spin density m = 0 and finite temperatures T > 0 the spin stiffness of the
spin-1/2 XXX chain is finite or vanishes remains an unsolved and controversial issue, as different
approaches yield contradictory results. Here we provide an exact upper bound on the stiffness within
a canonical ensemble at any fixed value of spin density m and show that it is proportional to m2L
in the thermodynamic limit of chain length L → ∞, for any finite, nonzero temperature. Moreover,
we explicitly compute the stiffness at m = 0 and confirm that it vanishes. This allows us to exactly
exclude the possibility of ballistic transport within the canonical ensemble for T > 0.
PACS numbers: 75.10.Pq, 75.40.Gb, 72.25.-b, 75.76.+j
I. INTRODUCTION
One-dimensional (1D) correlated lattice systems with
L sites show exotic spin transport properties at finite
temperature T > 0 whose nature has been a problem of
long-standing both theoretical [1–20] and experimental
[21–27] interest. Often integrable quantum systems show
dissipationless ballistic transport behavior. The real part
of the corresponding conductivity as a function of the
frequency ω and temperature T has then a singular d.c.
(ω = 0) contribution,
σ(ω, T ) = 2πD(T ) δ(ω) + σreg(ω, T ) . (1)
The stiffness, D = D(T ), is directly related to the
time-average of the current-current correlation function
as,
D(T ) =
1
2LT
lim
t→∞
1
t
∫ t
0
dt′〈Jˆ(t′)Jˆ(0)〉 . (2)
(Here and often in the following angle brackets denote
thermal average.) Hence ballistic D(T ) > 0 transport
means the correlation functions do not completely decay
in time so their time-average is non-vanishing.
Integrable models are characterized by having a set
of orthogonal commuting conserved quantities Qˆj such
that,
〈QˆjQˆj′〉 = δj,j′〈Qˆ2j〉 . (3)
They provide an exact lower bound for D encoded in an
inequality due to Mazur [28],
D(T ) ≥ 1
2L
∑
j
〈Jˆ Qˆj〉2
〈Qˆ2j〉
. (4)
Here the summation runs over all linearly extensive con-
served quantities Qˆj for which 〈Qˆ2j 〉 ∝ L, local and
quasilocal [13, 19, 29].
The anisotropic spin-1/2 Heisenberg XXZ chain with
anisotropy parameter ∆ ≥ 0 and exchange integral J
whose Hamiltonian reads,
Hˆ = J
L∑
j=1
(
Sˆxj Sˆ
x
j+1 + Sˆ
y
j Sˆ
y
j+1 +∆ Sˆ
z
j Sˆ
z
j+1
)
, (5)
is a paradigmatic example of an integrable strongly cor-
related system. Here Sˆx,y,zj are components of the spin-
1/2 operators at site j = 1, ..., L. The related total spin
operators,
Sˆτ =
L∑
j=1
Sˆτj ; Sˆ
± =
L∑
j=1
Sˆ±j . (6)
where Sˆ±j = Sˆ
x
j ± iSˆyj will play an important role in our
study.
Based on the lower bounds provided by Mazur’s in-
equality, Eq. (4), it is known that the XXZ chain ex-
hibits ballistic spin transport at finite temperatures pro-
vided that the spin density m is finite, m 6= 0. On the
other hand, at zero spin density m = 0 the spin current
operator has no overlap with any of the infinitely many
local conserved quantities responsible for integrability, so
that the use of Mazur’s inequality is inconclusive.
Recently, exact high-temperature results by one of us
relying on the model’s deformed symmetries and corre-
sponding quasilocal conserved operators, i.e., nonlocal
operators Z for which 〈Z†Z〉 ∝ L [30, 31], provided exact
estimates for the spin stiffness at m = 0 [19]. Interest-
ingly, for ∆ = cos(π/l), l integer, this lower bound –
going to 0 as l → ∞ (∆ → 1) – equals the spin-stiffness
expression of Refs. [4, 9], which was derived by the orig-
inal representation of the thermodynamic Bethe ansatz
(TBA) [32].
However, the isotropic point at ∆ = 1 (the spin-1/2
XXX model) [33] is the most experimentally relevant for
the spin-lattice relaxation rate and other physical quan-
tities [12, 22, 23]. It is also the case that poses the most
2challenging technical problems for theory. For instance,
close to the isotropic point the numerical investigation
of the spin stiffness expressions within the TBA [34] cal-
culating it from the eigenvalues of the Hamiltonian in a
uniform vector potential without the knowledge of ma-
trix elements is difficult since the number of equations to
solve diverges [4]. Whether at m = 0 and nonzero T > 0
the spin stiffness vanishes or is finite remains an unsolved
problem, as different approaches yield contradictory re-
sults.
On the one hand, several approaches (such as those
used in the studies of Refs. [5, 7, 9, 16, 17]) lead to a
finite value for the spin stiffness. On the other hand, the
studies of Ref. [12] show that transport at finite temper-
atures is dominated by a diffusive contribution, the spin
stiffness being very small or zero. Such studies exclude
the large spin stiffness found in Ref. [9] by a phenomeno-
logical method that relies on a spinon and anti-spinon
particle basis for the TBA. The infinite-temperature re-
sult of Ref. [14] (based on a nonequilibrium open sys-
tem approach) suggests that the XXX chain exhibits
anomalous sub-ballistic spin transport. The TBA results
of Refs. [3, 4] find a vanishing spin stiffness for zero spin
density. The more recent results of Ref. [15] reached the
same conclusion by combining several techniques.
In this paper we provide new insights that partially
resolve the above unsolved problem concerning the spin
stiffness for spin 1/2 XXX chain in the thermodynamic
limit (TL) L → ∞. Specifically, we show that it van-
ishes exactly as m→ 0 within the canonical ensemble for
fixed total spin projection Sz (note that m = −2Sz/L),
including Sz = 0, at least as fast as,
DSz(T ) ≤ 4c
T
(Sz)2
L
=
c
T
m2L , (7)
where c is an L, Sz, T –independent constant. A similar
result is also reached for a canonical ensemble near the
fully polarized sector of maximal spin density m = 1,
DSz (T ) ≤ c
′
T
(1−m)2L , (8)
where c′ is another constant.
That our results partially resolve the stiffness behav-
ior of the spin-1/2 XXX model as m → 0 stems from
their leaving out, marginally, the grand canonical ensem-
ble in which 〈m2〉 = O(1/L). However, our study relies
onto an exact stiffness upper bound whose derivation in-
volves a large overestimation of the elementary currents
carried by the energy and momentum eigenstates. Hence
accounting for the usual expectation of the equivalence
of the canonical and grand canonical ensembles in the
TL, we expect that our results remain valid in the latter
grand canonical case.
The remainder of the paper is organized as follows.
The Sz = 0 spin stiffness and the introduction of some
operator algebra useful for the studies of this paper are
the issues addressed in Sec. II. In Sec. III the spin current
operator matrix elements that contribute to the stiffness
are expressed in terms of the quantum numbers that la-
bel the energy eigenstates. The optimization of the spin
current value in each reduced subspace spanned by en-
ergy eigenstates with fixed S and remaining quantum-
number values is the problem studied in Sec. IV. In Sec.
V two exact spin stiffness upper bounds that follow from
the optimization of the spin current in each reduced sub-
space are derived. Finally, the concluding remarks are
presented in Sec. VI.
II. THE Sz = 0 SPIN STIFFNESS AND SOME
USEFUL OPERATOR ALGEBRA
We consider the spin-1/2 XXX chain Hamiltonian
with periodic boundary conditions, which is that given
in Eq. (5) at the isotropic point, ∆ = 1,
Hˆ = J
L∑
j=1
~ˆSj · ~ˆSj+1 . (9)
The key to our analysis will be to exploit the SU(2) sym-
metry, [Hˆ, Sˆτ ] = 0, τ ∈ {x, y, z}, with the spin operators
Sˆτ and Hˆ given in Eqs. (6) and (9), respectively. The
energy eigenstate’s spin and spin projection are denoted
by S and Sz = −(N↑ −N↓)/2, respectively. For the so-
called highest/lowest-weight-states (HWSs/LWSs) of the
SU(2) algebra we have S = Sz/S = −Sz.
The z-component of the spin current operator can be
written as,
Jˆ = −i J
L∑
j=1
(Sˆ+j Sˆ
−
j+1 − Sˆ+j+1Sˆ−j ) . (10)
The LWSs and the non-LWSs generated from them
used in our analysis are energy and momentum eigen-
states. They are as well eigenstates of ( ~ˆS)2 and Sˆz with
eigenvalues S(S+1) and Sz, respectively. We thus denote
all 2L energy and momentum eigenstates by |lr, S, Sz〉.
Here lr stands for all quantum numbers other than S and
Sz needed to specify an energy and momentum eigen-
state, |lr, S, Sz〉. The non-LWSs are generated from the
corresponding ns = S + S
z = 0 LWS |lr, S,−S〉 as,
|lr, S, Sz〉 = 1√C (Sˆ
+)ns |lr, S,−S〉 , (11)
where
C = (ns!)
ns∏
j=1
( 2S + 1− j ) ; ns = 1, ..., 2S . (12)
Within the canonical ensemble description of a 1D cor-
related system, the spin stiffness for T > 0 can be written
in terms of a summation over current matrix elements be-
tween energy eigenstates as [10],
D(T ) =
1
2TL
∑
ν
pν
∑
ν′(ǫν=ǫν′)
|〈ν|Jˆ |ν′〉|2 , T ≥ 0 . (13)
3Here the Boltzmann weight and the partition function
read pν = e
−ǫν/T /Z and Z =
∑
ν e
−ǫν/T , respectively.
For large L there are two temperature regimes: (i) T
smaller and (ii) T larger than the energy eigenstate level
spacing [2]. In the limit L→∞, the temperature regime
(i) shrinks to T = 0, while the temperature region (ii)
includes all of T > 0.
In regime (i), (T = 0), D(0) is finite and is given by
D(0) = J/(2π) [35]. On the other hand, in regime (ii)
(T > 0), the stiffness expression, Eq. (13), simplifies in
the TL, provided that one chooses the energy eigenstates
to be also momentum eigenstates. Accounting for the
vanishing in the TL of the persistent currents [36], one
finds [2, 37] from the exact cancellation of some contribu-
tions by summing over momentum k and −k subspaces,
the result that the expression of D(T ) in terms of en-
ergy and momentum eigenstates |lr, S, Sz〉 involves only
current expectation values. The general expression, Eq.
(13), then simplifies to,
D(T ) =
1
2TL
∑
ν
pν |〈ν|Jˆ |ν〉|2 , T > 0 . (14)
Within the canonical ensemble at fixed value of Sz we can
therefore exactly define the spin Drude weight DSz(T ) at
finite temperature and in the TL in terms of our repre-
sentation, Eq. (11), for the energy and momentum eigen-
states as,
DSz(T ) =
1
2TL
∑
lr
L/2∑
S=|Sz|
plr,S,Sz |〈lr, S, Sz|Jˆ |lr, S, Sz〉|2 .
(15)
Here the Boltzmann weights plr,S,Sz and the partition
function ZSz should be defined with respect to sums over
all
(
L
L/2−Sz
)
energy and momentum eigenstates with fixed
Sz. In this and all following expressions for the stiffness
the sums over S always increase in steps of 1, whereas
Sz and S have to be integers (half-odd integers) for even
(odd) L.
The commutators,[
Jˆ , Sˆ±
]
=
[
Sˆz, Jˆ±
]
= ±Jˆ± ;
[
Jˆ±, Sˆ∓
]
= ±2Jˆ[
Jˆ , Sˆz
]
= 0 ;
[
Jˆ , ( ~ˆS)2
]
= Jˆ+Sˆ− − Sˆ+Jˆ− , (16)
which follow directly from SU(2) algebra for the spin op-
erators, play a major role in our study. Here in addition
to its z-component, Eq. (10), the other two SU(2) sym-
metry operator components Jˆ± of the current read,
Jˆ+ = (Jˆ−)† = 2i J
L∑
j=1
(Sˆ+j Sˆ
z
j+1 − Sˆ+j+1Sˆzj ) . (17)
The S > 0 LWSs |lr, S,−S〉 and the S = Sz = 0 states
(which are simultaneously LWSs and HWSs |lr, 0, 0〉)
used in our operator algebra manipulations obey the
well-known transformation laws Sˆ−|lr, S, 0〉 = 0 and
Sˆ+|lr, 0, 0〉 = Sˆ−|lr, 0, 0〉 = 0, which follow straight-
forwardly from the corresponding SU(2) symmetry op-
erator algebra.
To derive useful exact relations involving the current
expectation values 〈lr, S, Sz|Jˆ |lr, S, Sz〉 that appear in
the T > 0 spin stiffness expression, Eq. (15), we consider
in the following some more general current matrix ele-
ments between energy, momentum, and ( ~ˆS)2 eigenstates,
〈lr, S, Sz|Jˆ |l′r, S′, Sz〉, given by,
〈lr, S, Sz|Jˆ |l′r, S′, Sz〉 =
1√CC′
× 〈lr, S,−S|(Sˆ−)ns Jˆ(Sˆ+)n′s |l′r, S′,−S′〉 . (18)
Here the normalization constants are given in Eq. (12),
and we have accounted for the vanishing of the commu-
tator [Jˆ , Sˆz] = 0, Eq. (16), so that the current operator
connects only states with the same Sz value. For lr = l
′
r
and S = S′, 〈lr, S, Sz|Jˆ |l′r, S′, Sz〉 refers to the current
expectation values in Eq. (15).
We start by considering a class of current matrix ele-
ments 〈lr, S, Sz|Jˆ |l′r, S, Sz〉 between states with the same
arbitrary S ≥ 1/2 and Sz values. The following general
result is valid for S ≥ 1/2,
〈lr, S, Sz|Jˆ |l′r, S, Sz〉 = −
Sz
S
〈lr, S,−S|Jˆ |l′r, S,−S〉 , (19)
where Sz = −S+ns and ns = 1, ..., 2S. It is obtained by
combining the systematic use of the commutators given
in Eq. (16) with the above state transformation laws.
The calculations to reach Eq. (19) are relatively easy for
non-LWSs whose generation from LWSs involves small
ns = S − Sz values. The calculations become lengthy as
the ns value increases, but they remain straightforward.
We shall now and in the ensuing sections study sep-
arately the two cases, Sz = 0 and Sz 6= 0. Indeed, it
is important not to restrict ourselves only to the case of
strictly Sz = 0 (requiring L to be even), which may be
sensitive to certain pathologies and thus to consider the
spin stiffness for any finite fixed value of Sz in the TL.
Analysis of the matrix elements, Eq. (19), reveals
that the lr = l
′
r and S
z = 0 current expectation val-
ues 〈lr, S, 0|Jˆ |lr, S, 0〉 all vanish for S ≥ 1/2. However, we
also need such current expectation values for S = Sz = 0.
Those are the particular case, lr = l
′
r, of the general
matrix elements 〈lr, 0, 0|Jˆ |l′r, 0, 0〉, which in the following
are shown to vanish. Such matrix elements connect the
energy eigenstates |lr, 0, 0〉 and |l′r, 0, 0〉 which are both
LWSs and HWSs. It follows from Eq. (16) that the cur-
rent operator Jˆ , Eq. (10), may be written as the commu-
tator Jˆ = 12 [Jˆ
+, Sˆ−]. Thus the current matrix elements
〈lr, 0, 0|Jˆ |l′r, 0, 0〉 can be written as,
〈lr, 0, 0|Jˆ |l′r, 0, 0〉 =
1
2
(〈lr, 0, 0|Jˆ+Sˆ−|l′r, 0, 0〉 − 〈lr, 0, 0|Sˆ−Jˆ+|l′r, 0, 0〉).(20)
4That this expression vanishes is readily confirmed by
applying the above-stated transformation laws. A sim-
ilar result holds for all matrix elements of the form
〈lr, S, 0|Jˆ |l′r, S+ δS, 0〉 where S ≥ 0 and S′ = S+ δS ≥ 0,
which are found to vanish unless δS = ±1. Hence all
Sz = 0 current expectation values 〈lr, S, 0|Jˆ |lr, S, 0〉 van-
ish for S ≥ 0, so that Eq. (15) yields DSz=0(T ) = 0 for
T > 0.
III. MATRIX ELEMENTS IN TERMS OF THE
QUANTUM NUMBERS THAT LABEL THE
ENERGY EIGENSTATES
Since vanishing spin density m = 0 may in the TL also
be approached by any finite fixed Sz, or fixed window of
Sz values, and then letting L → ∞, we must carefully
estimateDSz(T ) for S
z 6= 0. Expressing current expecta-
tion values in terms of expectation values in LWSs, using
the matrix-element relations of Eq. (19) for lr = l
′
r and
S ≥ 1/2, we obtain,
DSz (T ) =
(2Sz)2
2LT
L/2∑
S=|Sz|
∑
lr
plr,S,Sz
× |〈lr, S,−S|Jˆ |lr, S,−S〉|
2
(2S)2
. (21)
Out of the
∑L
2S=0 (integers) N (S) = 2L energy eigen-
states, there are N (S) = (2S+1)Nsinglet(S) states for a
given S. For S > 0, each such state is populated by a set
of 2S spins 1/2 that participate in the 2S + 1 multiplet
configurations and a second set of L− 2S spins 1/2 that
are within the
Nsinglet(S) =
(
L
L/2− S
)
−
(
L
L/2− S − 1
)
(22)
spin-singlet configurations, which involve (L−2S)/2 spin-
singlet pairs. Straightforward arguments then imply that
only the first group of 2S spins contributes to the spin
current 〈Jˆ〉 = 12 〈[Jˆ+, Sˆ−]〉 of the above states.
Within the TBA solution of the model, part of the
degrees of freedom of the (L − 2S)/2 spin-singlet pairs
are distributed over a set {Mn} of configurations each
with Mn n-pair configurations. Here n = 1, 2, ... is the
number of spin-singlet pairs. Consistently,
1
2
(L− 2S) =
∞∑
n=1
nMn . (23)
For n > 1 the spin-singlet pairs of a n-pair configuration
are bound within it.
The model Hamiltonian, Eq. (9), is solvable by the
Bethe ansatz, the corresponding general Bethe-ansatz
equation being of the form [33, 34],
2 arctan(Λj) = qj+
1
L
∑
α6=j
2 arctan
(
Λj − Λα
2
)
mod 2π .
(24)
Here the α = 1, ..., (L − 2S)/2 summation is over the
set of occupied qα quantum numbers qj =
2π
L Ij and the
occupancies of the related quantum numbers Ij (defined
modulo L) such that j = 1, ..., (L+2S)/2 label the energy
eigenstates. They are half-odd integers for (L + 2S)/2
even and integers for (L+ 2S)/2 odd.
The LWS Bethe-ansatz wave functions formally vanish
when two rapidities Λj and Λj′ become equal. This prop-
erty suggests that simply choosing α = 1, ..., (L − 2S)/2
distinct quantum numbers qα among the set of j =
1, ..., (L+2S)/2 allowed quantum numbers qj , which gives
a dimension, (
(L+ 2S)/2
(L− 2S)/2
)
, (25)
would allow the reconstruction of all 2L energy eigen-
states that span the model Hilbert space.
However, this expectation is misleading. Indeed, only
some of the solutions to the general Bethe-ansatz equa-
tion, Eq. (24), are in terms of real rapidities Λj . There
also exist solutions involving groups of complex rapidities
[33, 34]. In the present TL they have the general form
[34],
Λn,lj = Λ
n
j + i(n+ 1− 2l) , l = 1, ..., n , (26)
where j = 1, ...,M bn and the number M
b
n ≥Mn is defined
below. Use of these solutions in the general Bethe-ansatz
equation, Eq. (24), leads to a set of n = 1, ..., (L− 2S)/2
coupled integral equations. These are the TBA equations
given in the following. As confirmed below, the new set of
quantum numbers associated with such equations allows
the reconstruction of the set of 2L energy eigenstates that
span the full Hilbert space.
For n = 1 the rapidity, Eq. (26), is real and refers to
a single unbound spin-singlet pair. The imaginary part
that emerges for n > 1 is associated with the binding
of the corresponding n spin-singlet pairs. Often in the
literature the complex rapidity, Eq. (26) for n > 1, is
called a n-string. Moreover, the number of bound pairs
n is often called the string length and the real part of the
rapidity, Λnj , the string center.
Importantly, the n-pair configurations prevail under
the finite-system complex rapidity deviations [38–42]
from their ideal form, Eq. (26). As discussed in Ap-
pendix A, such deviations do not change the spin cur-
rents carried by energy eigenstates without n > 1 bound
pairs. Indeed, they only affect the finite-system currents
carried by energy eigenstates with n > 1 bound pairs.
This is consistent with the finite-system deviations from
the complex-rapidity ideal strings, Eq. (26), not con-
tributing to the thermodynamics provided that T > 0
and m 6= 0 [42, 43].
After some algebra, one finds that the use of rapidities
of the form, Eq. (26), in the general Bethe-ansatz equa-
tion, Eq. (24), leads to the n = 1, ..., (L − 2S)/2 TBA
equations [34], which within the momentum-distribution
5functional notation used in this paper read,
kn(qj) = qj +
1
L
∑
(n′,j′) 6=(n,j)
Mn′(qj′ )Θnn′(Λ
n
j − Λn
′
j′ ) .
(27)
Their solutions of define the rapidities real part, Λnj . In
them,
kn(qj) = 2 arctan(Λ
n
j /n) , (28)
and Θnn′(x) is an odd function of x given by,
Θnn′(x) = δn,n′
{
2 arctan
( x
2n
)
+
n−1∑
l=1
4 arctan
( x
2l
)}
+ (1− δn,n′)
{
2 arctan
( x
|n− n′|
)
+ 2 arctan
( x
n+ n′
)
+
n+n′−|n−n′|
2
−1∑
l=1
4 arctan
( x
|n− n′|+ 2l
)}
, (29)
n, n′ = 1, ..., (L − 2S)/2, and the number of pairs reads
(L − 2S)/2 = ∞ in the TL provided that (1 − mS) is
finite. Moreover,
qj =
2π
L
Inj , j = 1, ...,M
b
n , (30)
are the momentum values of a n-band associated with the
set of Mn n-pair configurations with the same n value
and the quantum numbers Inj are successive integers or
half-odd integers according to the boundary conditions,
Inj = 0,±1, ...,±
M bn − 1
2
, M bn odd ,
= ±1/2,±3/2, ...,±M
b
n− 1
2
, M bn even . (31)
(Often an index α = 1, ...,Mn is used to label the sub-set
of occupied numbers Inα [34].)
For each n, there is a BA branch momentum n-band
whose momentum values qj , Eq. (30), are such that
qj+1 − qj = 2πL and have only occupancies zero and one.
A n-band has M bn = Mn +M
h
n such momentum values,
Mn of which are occupied by a single n-pair configura-
tion. We call the occupied momentum values n-band
particles. The Mhn momentum values left over are unoc-
cupied. Here [34],
Mhn = 2S +
∞∑
n′=n+1
2(n′ − n)Mn′ . (32)
We call such unoccupied momentum values n-band holes.
Below we shall use the variables,
mS = 2S/L ≥ m, mn = Mn/L ,
mhn = M
h
n/L , m
b
n = M
b
n/L . (33)
The n-band momentum distribution function Mn(qj)
(or Mhn (qj) ≡ 1 −Mn(qj)) appearing in Eq. (27) is such
that Mn(qj) = 1 and Mn(qj) = 0 (or M
h
n (qj) = 0 and
Mhn (qj) = 1) for occupied and unoccupied values, re-
spectively. Each LWS has specific values for that dis-
tribution. The corresponding n-band discrete momen-
tum variable, Eq. (30), has the range qj ∈ [−qbn, qbn]
where qbn = π
(
mbn − 1L
)
, which in the TL simplifies to
qbn = πm
b
n.
The momentum operator eigenvalues read,
P =
∞∑
n=1
Mbn∑
j=1
Mn(qj) kn(qj) . (34)
where kn(qj) is given in Eq. (28). By the use in this
expression of Eq. (27), one finds that for all energy and
momentum eigenstates the summations
∑∞
n=1
∑Mbn
j=1 over
the second term on the right-hand side of that equation
vanish, so that the momentum expression, Eq. (34), sim-
plifies to,
P =
∞∑
n=1
Mbn∑
j=1
Mn(qj) qj . (35)
That the momentum eigenvalues have this simple form
confirms that the quantum numbers qj , Eq. (30), play
the role of n-band momentum values.
Other physical quantities such as the energy and the
spin current of an energy and momentum eigenstate [34]
also depend on the n-band momentum occupancy con-
figurations through the n-band momentum distribution
functions Mn(qj). However, in contrast to the sim-
ple momentum expression, Eq. (35), the dependence
of the energy and spin current spectra on the occupied
α = 1, ...,Mn n-band momentum values qj = qα occurs
through that of the rapidities real part Λnj = Λ
n(qj) in
Eq. (27) and thus of kn(qj) = 2 arctan(Λ
n(qj)), Eq. (28).
Our study involves specifically the spin current
〈Jˆ(S)〉 ≡ 〈lr, S,−S|Jˆ |lr, S,−S〉. For any spin-S LWS it
is of the general form,
〈Jˆ(S)〉 =
∞∑
n=1
Mbn∑
j=1
Mn(qj) jn(qj) . (36)
Here the elementary currents are given by,
jn(qj) = −2J fn(kn(qj)) . (37)
They involve the function,
fn(k) =
2
n
cos2(k/2)
2πρbn(Λ)
sin k , (38)
whose variable k ∈ [−π, π] is the parameter kn(qj) =
2 arctan(Λnj /n), Eq. (28). The variable of the function,
2πρbn(Λ) = 2πρn(Λ) + 2πρ
h
n(Λ) , (39)
6in Eq. (38) is thus Λ = n tan(k/2) and 2πρn(Λ) and
2πρhn(Λ) are the usual BA distributions [34].
Solving the BA equations, Eq. (27), gives the LWS
set of j = 1, ...,M bn real parameters Λ
n
j = Λ
n(qj) and
kn(qj) = 2 arctan(Λ
n(qj)) both for occupied and unoc-
cupied n-band momentum values. The former determine
the actual energy and momentum eigenstate jn(qj) val-
ues, Eq. (37), in the spin current, Eq. (36).
The spin current expression, Eq. (36), refers to a n-
band particle current representation. As justified below,
its alternative n-band hole representation reads,
〈Jˆ(S)〉 =
∞∑
n=1
2S
Mhn
Mbn∑
j=1
Mhn (qj) j
h
n(qj) , (40)
where,
jhn(qj) ≡ −jn(qj) = 2J fn(kn(qj)) , (41)
and jn(qj) is the elementary current, Eq. (37). Such a
n-band hole representation is physically advantageous, as
it has a more direct relation to the degrees of freedom of
the above two sets of L − 2S and 2S original spins 1/2,
respectively.
An n-band is exotic in that its momentum width,
2πmbn, depends on the value of 2S and the occu-
pancies of the set of the n′-bands such that n′ ≥
n. Indeed, mbn = M
b
n/L where M
b
n = Mn + M
h
n
and Mhn = 2S +
∑∞
n′=n+1 2(n
′ − n)Mn′ , Eq. (32).
Hence, in contrast to the usual bands, the elemen-
tary current sum
∑Mbn
j=1 jn(qj) over all n-band momen-
tum values does not in general vanish. Actually, as
found in Sec. II, 〈Jˆ(0)〉 ≡ 〈lr, 0, 0|Jˆ |lr, 0, 0〉 = 0 and
thus
∑∞
n=1
∑Mbn
j=1Mn(qj) jn(qj) = 0 for all S = 0
LWSs implies that
∑Mbn
j=1 jn(qj) vanishes, provided that∑∞
n′=n+1 2(n
′ − n)Mn′ = 0 and thus Mhn = 2S. Indeed,
the usual relation
∑Mbn
j=1 jn(qj) = 0 is replaced by,
Mbn∑
j=1
jn(qj) =
Mbn∑
j=1
∞∑
n′=n+1
2(n′ − n)Mn′
Mhn
Mhn (qj) jn(qj)
=
Mhn − 2S
Mhn
Mbn∑
j=1
Mhn (qj) jn(qj) , (42)
which justifies the current general form, Eq. (40).
To dig deeper into the physical meaning of the n-band
hole representation, we emphasize that the current, Eq.
(40), can be rewritten as,
〈Jˆ(S)〉 =
∞∑
n=1
Mbn∑
j=1
Mhn (qj) j
h
n(qj) +
∞∑
n=2
Mn j
p
n , (43)
where,
jpn = −
n−1∑
n′=1
2(n− n′)
Mhn′
Mb
n′∑
j=1
Mhn′(qj) j
h
n′(qj) . (44)
Now the degrees of freedom of the 2S spins 1/2 that
contribute to the currents and those of the L − 2S that
do not are distributed over the
∑∞
n=1M
h
n n-band holes
with elementary currents jhn(qj), Eq. (41), the first term
on the right-hand side of Eq. (43).
The second term contains degrees of freedom of the∑∞
n=2 nMn = (L−2S)/2−M1 spin-singlet pairs that are
bound within n-pair configurations with n > 1 pairs, each
carrying an elementary current jpn, Eq. (44), whereasM1
such pairs remain unbound. For S = 0, LWSs the latter
currents exactly cancel those of the n-band holes. For
S > 0, LWSs they cancel the part of the n-band hole
currents that is not associated with the 2S spin-1/2 spins
that contribute to the state’s current.
IV. OPTIMIZATION OF THE SPIN CURRENT
The energy eigenstates that span each reduced sub-
space with fixed values for the spin S and set of n-pair
configuration numbers {Mn} obeying the subspace spin-
singlet pair sum rule
∑∞
n=1 nMn = (L−2S)/2, Eq. (23),
are generated by configurations within which a num-
ber Mn of momentum values qj = qα =
2π
L I
n
α where
α = 1, ...,Mn are occupied and the remaining M
h
n mo-
mentum values are unoccupied. For each n-band this
gives a dimension
(
Mbn
Mn
)
.
Importantly, the value of the number Mhn = M
b
n−Mn
of n-band holes that naturally emerges from the TBA,
Eq. (32), ensures that for each S-fixed subspace the di-
mension, Eq. (22), can alternatively be written as [34],
Nsinglet(S) =
∑
{Mn}
∞∏
n=1
(
M bn
Mn
)
. (45)
Here
∑
{Mn}
is a summation over all sets of {Mn} obey-
ing the exact fixed-S number of spin-singlet pairs sum
rule
∑∞
n=1 nMn = (L − 2S)/2, Eq. (23). Each spin-
S subspace can thus be divided into a set of the above
smaller reduced subspaces with fixed values for the set
of n-pair configuration numbers {Mn} obeying the sum
rule.
That, as confirmed by Eq. (45), all Nsinglet(S)
independent spin-singlet configurations (Eq. (22)) of
each S-fixed subspace are contained within the sets of
{Mn} n-pair configurations obeying the fixed-S sum rule∑∞
n=1 nMn = (L − 2S)/2, Eq. (23), is consistent with
the n Bethe-ansatz rapidities, Eq. (26), being indeed
associated with n spin-singlet pairs.
We denote the maximum spin current expectation
value 〈lr, S,−S|Jˆ |lr, S,−S〉 in each such subspaces by
Jmax(mS , {mn}). Here n > 1, since m1 = 12 (1 −mS −∑∞
n=2 2nmn) is uniquely determined. That maximum
value refers to a LWS whose n-bands have occupancies
that maximize their contribution to the spin current, Eqs.
(40) and (43).
7Let Mmaxn (qj) where n = 1, ..., (L − 2S)/2 denote
the n-band momentum distribution functions of the en-
ergy eigenstate that carries the current Jmax(mS , {mn}).
Then there is in the same subspace another energy eigen-
state whose n-band momentum distribution functions
are given by Mminn (qj) = M
max
n (−qj) (and Mminn (0) =
Mmaxn (0) if the quantum numbers I
n
j , Eqs. (30) and (31),
are integers.) It carries a current Jmin(mS , {mn}) =
−Jmax(mS , {mn}) whose absolute value is also maxi-
mum, |Jmin(mS , {mn})| = |Jmax(mS , {mn})|. Hence the
same maximum current absolute value is reached by a
current optimization that refers to a current maximiza-
tion or minimization, respectively.
If our goal were the very involved problem of calculat-
ing the stiffness for all temperatures T > 0, a detailed
numerical analysis of the Bethe-ansatz solutions would
be required. However, the primary aim of this paper
is calculating an exact stiffness upper bound to clarify
whether in the TL the stiffness vanishes or is finite as
m→ 0. This makes the problem studied in the following
technically simpler than the involved calculations needed
to access the stiffness for all temperatures T > 0.
We start by identifying which of the current absolute
values |Jmax(mS , {mn})| of all reduced subspaces with
the same S value and different sets of {Mn} obeying the
sum rule
∑∞
n=1 nMn = (L − 2S)/2, Eq. (23), is the
largest. Concerning the corresponding current optimiza-
tion, in the following we account for the current max-
imization and minimization both reaching exactly the
same maximum current absolute value. Fortunately, this
task shows basic similarities to that of finding the ground-
state energy and thus minimizing the Bethe-ansatz en-
ergy in each subspace spanned by energy eigenstates with
fixed Sz and {Mn} values [34].
In both cases one finds that the smallest energy (and
largest spin current absolute value) refers to subspaces
spanned by energy and momentum eigenstates that are
not populated by n-pair configurations with n > 1 bound
spin-singlet pairs. These two types of states are popu-
lated by M1 = (L − 2S)/2 unbound spin-singlet pairs,
the corresponding n = 1 momentum band having com-
pact qj occupancies. (The ground-state compact occu-
pancies are for S = 0 and S = L/2 given in the two un-
numbered equations, respectively, appearing just below
Eq. (2.12) of Ref. [34].) The only difference is that the
resulting ground-state compact n = 1 momentum band
occupancy is symmetrical, M1(qj) − M1(−qj) = 0, or
quasi-symmetrical,M1(qj)−M1(−qj) = ±2π/L, whereas
as given in Eqs. (B1) and (B2) of Appendix B that of
the maximum spin current absolute value is fully asym-
metrical.
As a first step of the above program, one straightfor-
wardly confirms from the use of the TBA equations (Eq.
(27)) in Eqs. (40) - (44) that for each of the reduced
subspaces spanned by energy eigenstates with fixed S
and {Mn} values the n-band qj occupancies that max-
imize the spin current are indeed asymmetric and com-
pact. Specifically, if (a) mn ≥ mhn or (b) mhn ≥ mn
the n-band occupancy that maximizes its contribution
to |〈lr, S,−S|Jˆ |lr, S,−S〉| refers to an asymmetric com-
pact distribution of qj > 0 or qj < 0 momentum values,
respectively, (a) with width 2πmhn of all M
h
n holes or (b)
with width 2πmn of all Mn n-band particles. For these
occupancy configurations, Eqs. (27) simplify to
kn(qj) = qj
+


q
jh
0∑
qj′=−q
b
n
+
qbn∑
qj′=qjh
0
+2πmhn

Θnn′(Λnj − Λn′j′ ) , (46)
for qj′ ∈ [qjh
0
, qjh
0
+ 2πmhn] ≥ 0 and Mn ≥Mhn and to,
kn(qj) = qj +
qj0+2πmn∑
qj′=qj0
Θnn′(Λ
n
j − Λn
′
j′ ) , (47)
for qj′ ∈ [qj0 , qj0 + 2πmn] ≤ 0 and Mn ≤ Mhn . In these
equations, kn(qj) and Θnn′(x) are the functions, Eqs.
(28) and (29), respectively, n, n′ = 1, ..., (L−2S)/2, qjh
0
=
qbn − 2πmhn, and qj0 ∈ [−qbn,−π/2 + πmn] changes from
qj0 = −qbn for finite mn = mhn to qj0 = −π/2 + πmn for
small mn < m
h
n.
The exact stiffness upper bound expression derived in
Sec. V is analytical, the same applying to the corre-
sponding largest maximum spin current absolute value
used in its calculation. Hence for simplicity and as in
the identification of the ground state and corresponding
subspace minimum energy [34], in the following and in
Appendices A and B we skip intermediate technicalities
and focus on the description of the the main steps of
our calculations and corresponding physical meaning in
terms of spin-singlet pairs configurations.
As mentioned above, the current with largest maxi-
mum absolute value is for all S > 0 values carried by an
energy eigenstate whose singlet configurations refer to
(L− 2S)/2 unbound spin 1/2 pairs. Importantly, energy
eigenstates for which all (L−2S)/2 spin-singlet pairs are
unbound are described only by real rapidities, Eq. (26)
for n = 1. The resulting largest current maximum abso-
lute value is separated by a current gap from the max-
imum absolute values of currents carried by energy and
momentum eigenstates populated by bound spin-singlet
pairs.
In the following we introduce the smallest and largest
maximum spin current absolute values |Jmax(mS , {mn})|
and the two corresponding reduced subspaces for each
fixed S value. In Appendix B we address the issue of
the intermediate maximum spin current absolute values
and corresponding current gap of the remaining reduced
subspaces with the same S value.
From the use of Eqs. (46) and (47) in the current ex-
pressions, Eqs. (40) - (44), one finds that the smallest
|Jmax(mS , {mn})| value is reached for the reduced sub-
space for which Mn = 1 for n = (L − 2S)/2 ≥ 2 and
Mn = 0 for n < (L − 2S)/2. For it the solution of Eqs.
8(46) and (47) leads to,
Λnj = n tan(qj/2) ,
2πρbn(Λ) = 2πρn(Λ) + 2πρ
h
n(Λ) =
2
n
1
1 + (Λ/n)2
,
qj = 0,±2π
L
, ...,±2π
L
(S − 1),±2π
L
S . (48)
For this reduced subspace, the current maximum abso-
lute value is achieved when the single n-band particle
occupies the momentum qj = −qbn = − 2πL S for S ≤ L/4
and qj = −π/2 for L/4 ≤ S ≤ L/2− 2. This gives,
|Jmax(mS ,mn)| = 2J sin(πmS) , S ≤ L/4 ,
= 2J , L/4 ≤ S ≤ L/2− 2 , (49)
for n = (L− 2S)/2.
In general |Jmax(mS ,mn)| is an O(L) object, in con-
trast to its smallest value, Eq. (49). Indeed the current
maximum absolute value of each reduced subspace de-
creases when the (L−2S)/2 spin-singlet pairs become less
diluted relative to the remaining 2S original spins 1/2.
The less diluted case refers specifically to all (L− 2S)/2
spin-singlet pairs being bound within a single n-pair con-
figuration. This refers to present subspace, for which the
current maximum absolute value, Eq. (49), is smallest.
On the other hand, the largest current maximum ab-
solute value |Jmax(mS , {mn})| is reached in the oppo-
site limit. It refers to the reduced subspace for which
M1 = (L − 2S)/2 and Mn = 0 for n > 1 and thus
Mh1 = 2S. For it all (L − 2S)/2 spin-singlet pairs re-
main unbound. The energy and momentum eigenstate
carrying this current is a superposition of local configu-
rations within which the (L−2S)/2 spin-singlet pairs are
most diluted relative to the remaining 2S original spins
1/2.
Since qj+1− qj = 2πL and we are interested in the L≫
1 limit, in the following analysis the set of successive
momentum values {qj} is replaced by a corresponding
continuum momentum variable, q ∈ [−qb1, qb1]. Hence the
set of real rapidities Λ1j = Λ
1(qj) becomes a function
Λ1(q) of the continuum momentum variable q. That for
this reduced subspace Mn = 0 for n > 1, simplifies the
problem to a single equation, which is Eq. (46) or Eq.
(47) for n = 1.
One of the two energy and momentum eigenstates in
such a reduced subspace that carry spin currents with
the same maximum absolute value is for each S value
associated with the compact and asymmetrical n = 1
band distribution function given in Eqs. (B1) and (B2)
of Appendix B. The use of such a distribution function
in Eq. (46) and Eq. (47) for n = 1 leads within the
continuum momentum variable representation to,
2 arctan(Λ1(q)) = q +
1
2π

∫ qjh0
−qb
1
+
∫ qb1
q
jh
0
+2πmS

 dq′
× 2 arctan
(
Λ1(q)− Λ1(q′)
2
)
, (50)
for mS ≤ 1/3 and,
2 arctan(Λ1(q)) = q +
1
2π
∫ qj0+π(1−mS)
qj0
dq′
× 2 arctan
(
Λ1(q) − Λ1(q′)
2
)
, (51)
for mS ≥ 1/3, respectively. Here the value of Θnn′(x),
Eq. (29), for n = n′ = 1 was used.
Solution of Eq. (50) or (51) uniquely defines the func-
tion Λ1(q). Moreover, the distributions 2πρ1(Λ) and
2πρh1 (Λ) and thus 2πρ
b
1(Λ) = 2πρ1(Λ) + 2πρ
h
1(Λ) are de-
fined by the equation,
2πρb1(Λ) =
2
1 + Λ2
− 1
2π
(∫ Bh0
−∞
+
∫ ∞
Bh
S
)
dΛ′
2πρ1(Λ
′)
1 +
(
Λ−Λ′
2
)2 ,(52)
for mS ≤ 1/3 and,
2πρb1(Λ) =
2
1 + Λ2
− 1
2π
∫ BS
B0
dΛ′
2πρ1(Λ
′)
1 +
(
Λ−Λ′
2
)2 , (53)
for mS ≥ 1/3. In these equations,
Bh0 = Λ
1(qjh
0
) ; BhS = Λ
1(qjh
0
+ 2πmS) ,
B0 = Λ
1(qj0) ; BS = Λ
1(qj0 + π(1−mS)) .
The largest current maximum absolute value uniquely
defined by the solutions of Eqs. (50) or (51) and Eqs.
(52) or (53), respectively, is of the form,
|Jmax(mS)| ≡ |Jmax(mS , {mn = 0})| = JC(mS)L ,
(54)
where the coefficient C(mS) is a L-independent function
of mS ∈ [0, 1] with a single maximum at an intermediate
mS value. It vanishes both in the mS → 0 and mS → 1
limits, the corresponding limiting behaviors being,
C(mS) =
π
4
mS , mS ≪ 1 ,
= (1−mS) , (1 −mS)≪ 1 . (55)
Except in these limits, for the present asymmetric BA
quantum numbers distributions the current maximum
absolute value at fixed S, Eq. (54), is an O(L) object.
On the other hand, the quantity needed for the deriva-
tion of the stiffness upper bound is rather the corre-
sponding ratio |Jmax(mS)|/2S, which is independent of
L and smoothly decreases as mS increases. Specifically,
it decreases from its mS ≪ 1 maximum value, Jπ/4, to
J(1−mS) for (1−mS)≪ 1, vanishing as mS → 1.
Since |Jmax(mS)|/2S is a decreasing function of mS , it
turns out that the value of the parameter C(mS) on the
right-hand side of Eq. (54) that is relevant for our goal
of clarifying whether the stiffness upper bound derived
in the following vanishes or remains finite as m → 0 is
C(mS) =
π
4mS , which is reached for mS ≪ 1, Eq. (55).
9As discussed in Appendix B, all reduced subspaces
other than the two considered in this section are asso-
ciated with |Jmax(mS , {mn})| values that obey the in-
equalities,
|Jmax(mS , {mn}) ≥ |Jmax(mS ,mn)|n=(L−2S)/2
|Jmax(mS , {mn}) ≤ | ≤ |Jmax(mS)| . (56)
Hence an important quantity for our studies is the cur-
rent gap ∆J = ∆J (mS , {mn}) defined as,
∆J = |Jmax(mS)| − |Jmax(mS , {mn})| ≥ 0 . (57)
It separates the current maximum absolute values
|Jmax(mS)| and |Jmax(mS , {mn})|, respectively, whose
currents are carried by energy and momentum eigen-
states with the same S value and different sets of {Mn}
obeying the sum rule
∑∞
n=1 nMn = (L−2S)/2, Eq. (23).
(We recall that in the case of |Jmax(mS)| this refers to a
state with M1 = (L− 2S)/2 and Mn = 0 for n > 1.)
In Appendix B we discuss the mechanism that deter-
mines for the whole range mS ∈ [0, 1] the occurrence
of the current gap, Eq. (57), between the largest cur-
rent maximum absolute value and the maximum current
absolute values of all other reduced subspaces with the
same spin S. For (1 −mS) ≪ 1 the following analytical
expression is found in Appendix B for such a current gap,
∆J = 2J
∞∑
n=1
(n− 1)Mn , (1−mS)≪ 1 . (58)
In general the current gap is finite, ∆J > 0. As jus-
tified in Appendix B, the only exception occurs in the
mS → 0 limit and thus also as m→ 0, in which ∆J → 0
for currents Jmax(mS , {mn}) of energy eigenstates for
which
∑∞
n=2 nMn > 0 but
∑∞
n=2 nmn → 0 as L → ∞.
As discussed in that Appendix, the minimum value of the
current gap is an increasing function of mS with limiting
behaviors,
min∆J = 0 , mS → 0 ,
= 2J , mS → 1 . (59)
Another important current gap is,
∆0J = |Jmax(mS)| − |J (mS)| ≥ 0 . (60)
It separates the absolute values of currents Jmax(mS)
and J (mS) of energy and momentum eigenstates with
the same fixed S value and without n-pair configurations
with n > 1 bound pairs. Now there are energy eigenstates
other than that carrying the maximum current Jmax(mS)
for which ∆0J is an O(1/L) object such that ∆0J → 0 as
L→∞. Moreover, as discussed above there is one energy
eigenstate that carries the minimum current Jmin(mS) =
−Jmax(mS) for which ∆0J = |Jmax(mS)| − |Jmin(mS)| =
0.
Our derivation of an exact stiffness upper bound relies
on both the inequalities ∆J ≥ 0 and ∆0J ≥ 0 holding for
all S values. We believe that there is some symmetry pro-
tecting the current gap∆J , so that the inequality∆J ≥ 0
found in this paper is always obeyed. The validity of that
inequality is, in the L→∞ limit, independent of the cor-
responding n-pair configurations fine structure, Eq. (26)
and Eq. (A3) of Appendix A. Indeed, the stiffness upper
bound derived in this paper is insensitive to the values
of the spin currents carried by energy and momentum
eigenstates populated by n > 1 bound spin-singlet pairs.
Those involve Bethe ansatz complex rapidities, Eq. (26),
whose imaginary parts describe the binding of the n > 1
spin-singlet pairs within the n-pair configurations.
That in the m → 0 limit the minimum value of the
gap ∆J behaves as ∆J → 0 shows that only within it
the maximum absolute values |Jmax(mS , {mn})| of the
spin currents carried by some of the energy and momen-
tum eigenstates populated by n > 1 bound spin-singlet
pairs barely equals the largest maximum absolute value
|Jmax(mS)| = JC(mS)L = JC(m)L, Eq. (54), which
reads JLπ4m in that limit. This does not affect though
the stiffness upper bound as computed in Sec. V.
The effects of the finite-system string deviations [38–
42] on the spin currents and corresponding current gap
∆J is a problem discussed in Appendix A. Such devia-
tions only affect the complex rapidities, Eq. (26) and Eq.
(A3) of Appendix A for n > 1, associated with the bind-
ing of the spin-singlet pairs within a n-pair configuration.
Indeed, such n-pair configurations prevail, only the fine
structure of their rapidity strings deviate from the ideal
form, Eq. (26).
Furthermore, in the L → ∞ limit the energy eigen-
states that carry the maximum spin currents remain
those whose spin-singlet pairs are unbound, which are
not affected by the finite-system string deviations. This
is consistent with in the L→∞ limit such deviations not
contributing to the thermodynamics provided that T > 0
and m 6= 0 [42, 43].
V. TWO EXACT SPIN STIFFNESS UPPER
BOUNDS
A general result of our above analysis is that energy
eigenstates that are a superposition of local configura-
tions within which the (L − 2S)/2 spin-singlet pairs are
more diluted relative to the remaining 2S original spins
1/2 carry larger currents. The maximum dilution is
achieved by energy eigenstates with M1 = (L − 2S)/2
unbound pairs and no bound pairs, which for the finite
system are described by undeformed real rapidities. That
for L→∞ such states absolute maximum current value,
|Jmax(mS)| = JC(mS)L, Eq. (54), is exact follows from
its independence for L → ∞ from the complex rapidity
strings fine structure, Eq. (26) and Eq. (A3) of Appendix
A.
Consistently, the reduced-subspace current maximum
absolute value has its smallest value, Eq. (49), in the
opposite limit in which all (L − 2S)/2 spin-singlet pairs
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are bound within a single n-pair configuration, i.e. Mn =
1 with n = (L− 2S)/2.
In the intermediate general situation corresponding
to reduced subspaces for which the (L − 2S)/2 spin-
singlet pairs are distributed by n-pair configurations with
two or more different n values such that
∑∞
n=1 nMn =
(L−2S)/2, the corresponding maximum current absolute
value always obeys the inequalities, Eq. (56).
Except in the mS → 0 and mS → 1 limits, for the
present asymmetric BA quantum numbers distributions
the largest current maximum absolute value at fixed S,
|Jmax(mS)| = JC(mS)L, Eq. (54), is an O(L) object. A
first exact stiffness upper bound,
D∗Sz(T ) =
(2Sz)2
2LT
L/2∑
S=|Sz|
∑
lr
plr,S,Sz
(Jmax(mS)
2S
)2
.
(61)
is obtained by replacing the moduli of the expectation
values |〈lr, S,−S|Jˆ |lr, S,−S〉| of LWSs with the same S
value in the stiffness expression, Eq. (21), by their largest
maximum values |Jmax(mS)| of each S-fixed subspace.
The ratio |Jmax(mS)|/2S appearing in Eq. (61) is in-
dependent of L. It smoothly decreases upon increasing
mS from itsmS ≪ 1maximum value, Jπ/4, to J(1−mS)
for (1−mS)≪ 1. For each fixed-Sz canonical ensemble,
the largest ratio |Jmax(mS)|/2S in the S summation of
Eq. (61) is then that referring to the minimum S value,
S = |Sz| = mL/2, such that mS = m.
A second exact stiffness upper bound is obtained by re-
placing in Eq. (61) the ratio |Jmax(mS)|/2S by its largest
value |Jmax(m)|/2|Sz| = |Jmax(m)|/(mL). Importantly,
the state summations in Eq. (61) can then be performed
exactly for all finite temperatures T > 0. Indeed, the
probability distribution plr,S,Sz in each fixed-S
z canoni-
cal ensemble is normalized as
∑L/2
S=|Sz|
∑
lr
plr,S,Sz = 1.
Such state summations account for the subspace dimen-
sions and thus as well for the full Hilbert-space dimen-
sion,
∑L
2S=0 (integers) N (S) = 2L. For T > 0 the resulting
(larger) upper bound D∗∗Sz ≥ D∗Sz ≥ DSz , then becomes,
D∗∗Sz(T ) =
J 2max(m)
2TL
. (62)
From the use of Eqs. (54) and (55) one finds that for
m≪ 1 its value is,
D∗∗Sz(T ) =
(
J π4
)2
m2 L
2T
, m≪ 1 , (63)
so that D ≤ (J π4 )2 m2 L/(2T ) for T > 0 and m ≪ 1
determining the constant c in the upper bound, Eq. (7),
to be c = (Jπ/4)2/2.
Moreover, one finds again from the use of Eqs. (54)
and (55),
D∗∗Sz(T ) =
J2 (1−m)2 L
2T
, (1−m)≪ 1 , (64)
so that c′ = J2/2 in Eq. (8).
This completes our proof of the vanishing spin stiffness
in the TL, L→∞, for any fixed range or even distribu-
tion of Sz, or any distribution of m shrinking sufficiently
fast that 〈m2〉L→ 0.
Note that J 2max(m)/L ≤ (Jπ/4)2m2 L for all m ∈
[0, 1]. Hence we may use the small-m upper-bound ex-
pression in Eq. (63) for the whole m ∈ [0, 1] range, which
is the bound stated in the abstract.
VI. CONCLUDING REMARKS
At ∆ = 0 the exact value of the high-temperature spin
stiffness of the spin-1/2 XXZ chain whose Hamiltonian
is given in Eq. (5) is D = (J/4)2/T , so that the lower
bound of Ref. [13] saturates it. Our exact result that
at ∆ = 1 and both m = 0 and m → 0 the spin stiff-
ness vanishes within a canonical ensemble at all finite
temperatures applies to high temperature as well. This
implies that the above lower bound saturates the high-
temperature spin stiffness both at ∆ = 0 and ∆ = 1.
Combined with the equality of that lower bound to the
TBA spin stiffness found in Ref. [4] at λ = π/l′, this
most likely implies that the bound saturates the stiffness
for the whole range 0 ≤ ∆ ≤ 1. This provides also strong
evidence that the divergences emerging in the integrands
of Eqs. (24) and (25) of Ref. [9] at m = 0 cancel each
other in the case of systems whose stiffness is finite at
T = 0, as in the case of the XXZ chain at m = 0 for
0 ≤ ∆ ≤ 1.
That the spin stiffness of the spin-1/2 XXZ chain
vanishes at the isotropic point in the TL is an exact
result that refers to the canonical ensemble. It leaves
out, marginally, the grand canonical ensemble in which
〈m2〉 = O(1/L). However, the large overestimate of the
elementary BA currents we used in deriving the stiffness
upper bound, Eq. (62), leads us to expect that our result
remains valid in the grand canonical case, in accord with
the usual expectation of the equivalence of ensembles in
the TL.
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Appendix A: Effects of the finite-system bound pairs
string deformations
Here we discuss the effects of the fine structure of
the finite-system n > 1 bound pairs complex-rapidity
string deformations. We consider the general Bethe-
ansatz equations, Eq. (24), for large but finite chains.
The corresponding general spin current expectation val-
ues read,
〈Jˆ(S)〉 =
∑
α
j(qα) , (A1)
where again the summation is over occupied qα values
and the elementary currents j(qj) are given by,
j(qj) = −2J 2(cos(kj/2))
2
2πρb(Λj)
sin kj ,
kj = 2 arctan(Λj) . (A2)
Here 2πρb(Λj) = 2πρ(Λj) + 2πρ
h(Λj), 2πρ(Λj), and
2πρh(Λj) are the usual Bethe-ansatz distributions [34].
Only some of the solutions of Eq. (24) are in terms
of real rapidities. There also exist solutions involving
groups of complex rapidities. Some of the latter arrange
themselves into deformed strings [38–42], which deviate
from the ideal complex-rapidity strings, Eq. (26). Specif-
ically, the roots of Eq. (24) are partitioned in a configu-
ration of strings, where a n-string is a group of n roots
such that,
Λn,lj = Λ
n
j + i(n+ 1− 2l) +Dn,lj l = 1, ..., n . (A3)
From comparison with Eq. (26) one finds that the only
difference refers to the deviationDn,lj = R
n,l
j +iδ
n,l
j where
Rn,lj and δ
n,l
j are real numbers. (Self-conjugacy implies
that Dn,lj = (D
n,n+1−l
j )
∗.) For large but finite chains
such deformed strings change the spin currents, Eqs.
(A1) and (A2), carried by the corresponding complex-
rapidity ideal-string energy eigenstates.
For the real-rapidity energy eigenstates considered in
Section IV, Eqs. (50) and (51) remain the same if one
uses the general Bethe-ansatz equation, Eq. (24). In-
deed, one finds from the use of Eq. (A3) with n = l = 1
in the general Bethe ansatz equation, Eq. (24), that
D1,1j = 0. Hence the real rapidities are not deformed
for large but finite chains.
For n = 1 the rapidity, Eq. (A3), is real and refers to
a single unbound pair. The imaginary part that emerges
for n > 1 in Eq. (A3) is still associated with the bind-
ing of the corresponding n spin-singlet pairs. Indeed, the
n-pair configurations prevail, the only change being the
deviation Dn,lj in their fine structure. The TBA equa-
tions, Eq. (27), are recovered by using Dn,lj = 0 in Eq.
(A3).
Various authors have studied the fine structure of the
deformed string solutions for finite chains [38–42], which
are associated with the deviations Dn,lj in Eq. (A3). In
the case of two-string solutions, it is found that there are
narrow and wide branches [38–41]. The wide deformed
strings lie on a curve in the complex plane. Their imagi-
nary part diverges upon increasing the real part. On the
other hand, the narrow strings become closer to the real
line with increasing real part. They finally collapse onto
it, so that no narrow string solutions occur for high quan-
tum numbers. Instead, extra solutions appear with two
real roots. The investigations of Ref. [42] address higher
string cases. They show that the collapse of narrow pairs
both from two-strings and from higher strings is the only
aberration from the ideal strings, Eq. (26), if one allows
for deviations Dn,lj in the strings themselves, Eq. (A3).
It is widely accepted that as far as thermodynamics are
concerned the use of complex-rapidity ideal strings gives
for L→∞ correct results as long as the temperature and
spin density are not strictly vanishing [42, 43]. This ap-
plies to the stiffness upper bound derived in this paper,
Eq. (62), which refers to T > 0 and m > 1. Deformed
peripheral strings whose center increases with L do not
contribute to thermodynamics [42, 43]. The irrelevance
in the L → ∞ limit of the finite-system deformations
of the strings that contribute to thermodynamics can be
checked directly [42]. Previous studies have considered
deformed strings for large but finite chains of form, Eq.
(A3), keeping Λnj approximately fixed. They have found
that these deformations decrease exponentially with in-
creasing L [41, 42]. (See figure 11 of Ref. [42].)
Our analysis of the effects of the finite-system deformed
strings simplifies because it focuses only on whether in
the L→∞ limit the current maximum absolute value of
deformed strings energy and momentum eigenstates over-
come the current gap ∆J , Eq. (57), that separates the
maximum spin current absolute value |Jmax(mS)|, Eq.
(54), from the absolute values of the spin currents car-
ried by complex-rapidity states within the ideal strings,
Eq. (26).
We have confirmed that the use of the L → ∞ be-
havior of the deformed-string solutions found by other
authors [38–42] in the spin current expression, Eqs. (A1)
and (A2), reaches the same results as using in such an ex-
pression the finite large-L deformed-string solutions and
taking the L→∞ limit in the end. Both such procedures
reveal that the largest currents remain those carried by
energy eigenstates that are a superposition of local con-
figurations within which the (L−2S)/2 spin-singlet pairs
are most diluted relative to the remaining 2S original
spins 1/2.
The finite-system string deformations affect only the
bound spin-singlet pairs. Consistently, the finite-system
deformations do not prevent the energy eigenstates whose
configurations involve M1 = (L − 2S)/2 unbound pairs
from carrying the spin current with largest absolute
value, Eq. (54). Indeed, the maximum dilution is
achieved when all (L − 2S)/2 spin-singlet pairs remain
unbound. Such states have no bound spin-singlet pairs
and are described by real rapidities only. As mentioned
above, in large but finite chains those remain unde-
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formed.
Specifically, from the use of Eq. (24) in the current
expressions, Eqs. (A1) and (A2), one finds that energy
and momentum eigenstates such that
∑∞
n=1 2nMn/L re-
mains finite and
∑∞
n=1Mn/L vanishes as L → ∞ carry
currents that remain finite as L → ∞. Hence their
absolute values are much smaller than |Jmax(mS)|, Eq.
(54), which is an O(L) object. Furthermore, we find
that the largest currents carried by complex-rapidity en-
ergy and momentum eigenstates with deformed strings
refer to string lengths n and occupancies Mn such that∑∞
n=2 2nMn/L vanishes in the L → ∞ limit. The solu-
tion of the general Bethe-ansatz equation, Eq. (24), for
such states is obtained by expanding it around that of
Eqs. (50) and (51) for the real-rapidity state that carries
current with largest absolute value. The minimum value
of the current gap ∆J is then found to remain finite for
S > 0. This result is not affected by the finite-system col-
lapse of narrow pairs. Moreover, in the L→∞ limit the
minimum current gap still changes from zero for mS → 0
to 2J for (1−mS)≪ 1, Eq. (59).
Interestingly, in the L → ∞ limit the general cur-
rent gap expression accounting for string deformations re-
mains 2J
∑∞
n=1(n−1)Mn, Eq. (58), when (1−mS)≪ 1
and thus
∑∞
n=1 2nMn/L ≪ 1. This result is again con-
sistent with larger currents being carried by energy eigen-
states that are a superposition of local configurations
within which the (L − 2S)/2 spin-singlet pairs are more
diluted relative to the remaining 2S original spins 1/2.
We then conclude that independent of the fine struc-
ture of the fnite-system complex-rapidity energy eigen-
states strings, at fixed S and in the L → ∞ limit the
current of largest maximum absolute value is carried by
the energy eigenstate considered in Section IV whose
(L−2S)/2 spin-singlet pairs are all unbound. For a finite
but large chain such a state is described by undeformed
real rapidities.
Appendix B: Reduced subspaces current maximum
absolute values and corresponding current gap ∆J
In this Appendix we address the issue of the
intermediate maximum spin current absolute values
|Jmax(mS , {mn})| and corresponding current gap ∆J of
the set of reduced subspaces with the same S value other
than the two considered in Sec. IV. Our discussion refers
to the TBA associated with the complex rapidities, Eq.
(26). The effects in the TL of the finite-system deviations
Dn,lj in Eq. (A3) of Appendix A from such complex ra-
pidities is an issue discussed in that Appendix.
From the use of Eqs. (46) and (47) in the current
expressions, Eqs. (40) - (44), one finds that for 0 < mS <
1 and reduced subspaces for which
∑∞
n=1 2nmn remains
finite and
∑∞
n=1mn vanishes as L→∞, the current gap,
Eq. (57), is an O(L) object.
Furthermore, the current gap is finite and independent
of L for reduced subspaces for which both
∑∞
n=2 2nMn
and
∑∞
n=1mn are finite. It is smallest for reduced sub-
spaces for which
∑∞
n=2 2nMn is finite and
∑∞
n=2 2nmn
vanishes in the L → ∞ limit. For the latter reduced
subspaces and L ≫ 1, one has that the inequality∑∞
n=2 2nmn ≪ 2m1 holds for (1 −mS) finite in,
(1−mS) = 2m1 +
∞∑
n=2
2nmn .
Moreover, the inequality
∑∞
n′=n+1 2(n
′ − n)mn′ ≪ mS
holds for mS finite and L≫ 1 in,
mhn = mS +
∞∑
n′=n+1
2(n′ − n)mn′ .
One can then expand the solution of Eqs. (46) and (47)
for these subspaces around that of Eqs. (50) and (51).
This involves n-band momentum distribution functions
of the formMn(qj) = M
0
n(qj)+δMn(qj) whereM
0
n(qj) =
0 for n > 1 and M01 (qj) is the n = 1 band momentum
distribution function used in Eqs. (50) and (51). It reads,
M01 (qj) = 1 for qj ∈ [−(2πmS − qb1), qb1]
= 0 for qj ∈ [−qb1,−(2πmS − qb1)] , (B1)
for mS ≤ 1/3 where (2πmS − qb1) ≥ 0 and,
M01 (qj) = 1 for qj ∈ [−qj0,−(qj0 + π(1−mS))]
= 0 for qj ∈ [−qb1,−qj0]
= 0 for qj ∈ [−(qj0 − π(1 −mS)), qb1] , (B2)
for mS ≥ 1/3 where (qj0 + π(1−mS)) ≥ 0.
The n = 1 band momentum distribution function, Eqs.
(B1) and (B2), is for each S value associated with an en-
ergy and momentum eigenstate that carries a spin cur-
rent whose absolute value, Eq. (54), is largest. For that
state the n = 1 band limiting momentum qb1 appearing
in Eqs. (B1) and (B2) reads,
qb1 =
π
2
(
1−mS − 2
L
)
≈ π
2
(1−mS) , (B3)
and the momentum qj0 > 0 is in Eq. (B2) a continuous
decreasing function of mS ∈ [1/3, 1] that changes from
qj0 =
π
2 (1 +mS) =
2π
3 for mS = 1/3 to qj0 =
π
2mS =
π
2
at mS = 1.
As discussed in the following, the current deviations as-
sociated with the n-bands momentum distribution func-
tion deviations δMn(qj) in Mn(qj) = M
0
n(qj) + δMn(qj)
are such that the minimum value of the current gap, Eq.
(57), increases from zero for mS → 0 to 2J for mS → 1,
as given in Eq. (59).
The larger current maximum absolute values of re-
duced subspaces spanned by energy eigenstates involv-
ing complex rapidities and thus populated by bound
spin-singlet pairs, |Jmax(mS , {mn})| ≤ |Jmax(mS)|, re-
fer for the whole mS ∈ [0, 1] range to subspaces for
which
∑∞
n=2 2nMn is finite but
∑∞
n=2 2nmn vanishes as
L → ∞. For such reduced subspaces and mS ≪ 1, the
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elementary currents jhn(qj), Eq. (41), on the right-hand
side of Eqs. (40) and (43) vanish for n > 1 as L → ∞
whereas the n = 1 elementary currents jh1 (qj) are finite.
We now justify why the minimum value of the current
gap, Eq. (57), vanishes as mS → 0. From the use in the
current expression, Eq. (40), of the compact asymmetric
distributions that maximize the currents of the mS ≪ 1
reduced subspaces we then find,
|Jmax(mS)| = L
2π
∫ pi
2
(1+mS)
pi
2
(1+mS)−2πmS
dq jh1 (q) ≈ J
π
4
2S ,
(B4)
for the
∑∞
n=2 2nMn = 0 subspace and,
|Jmax(mS , {mn})| = 2S
Mh1
× L
2π
∫ πmb1
πmb
1
−2πmh
1
dq jh1 (q)
≈ 2S
Mh1
× J π
4
Mh1 = J
π
4
2S , (B5)
for subspaces for which
∑∞
n=2 2nMn is finite and∑∞
n=2 2nmn vanishes as L → ∞. The n = 1 el-
ementary currents appearing in these equations read
jh1 (q) = j
h
1 (q) + δj
h
1 (q) = J(π/4) sin q where δj
h
1 (q)
stands for a deviation from the bare elementary cur-
rents jh1 (q), Eq. (41) for n = 1, that stems from
phase shifts. Moreover, the numbers mb1 and m
h
1 in Eq.
(B5) read mb1 =
1
2 (1 + mS +
∑∞
n=3 2(n − 2)mn) and
mh1 = mS +
∑∞
n=2 2(n− 1)mn, respectively.
Since for the present mS ≪ 1 reduced subspaces one
has that jhn(q) = 0 for n > 1, the main effect on the
current maximum absolute values of reduced subspaces
spanned by energy eigenstates involving complex rapidi-
ties is in this limit that the number of n = 1 band holes
increases fromMh1 = 2S toM
h
1 = 2S+
∑∞
n=2 2(n−1)Mn.
On the one hand (and as follows from analysis of Eqs.
(B4) and (B5), except for the factor 2S/Mh1 in the lat-
ter equation), for S finite and thus mS → 0 as L → ∞
this effect increases the contribution to the current max-
imum absolute value from J(π/4) 2S to J(π/4)Mh1 =
J(π/4) (2S +
∑∞
n=2 2(n− 1)Mn).
On the other hand, the current cancelling term on the
right-hand side of Eq. (43) leads to the factor 2S/Mh1
in the current expressions, Eqs. (40) and (B5). In the
present limit, this factor exactly cancels the increase in
the current of the
∑∞
n=2 2nMn > 0 subspaces due to
the enhancement in the number of n = 1 band holes, as
confirmed from comparison of Eqs. (40) and (B4). This
is why the minimum current gap vanishes for mS → 0.
Upon increasing mS within its domain mS ∈ [0, 1], the
elementary currents jhn(qj), Eq. (41), become finite for
n > 1 but their maximum absolute value remains in gen-
eral smaller than that of the n = 1 elementary currents
jh1 (qj). The current canceling term on the right-hand
side of Eq. (43) vanishes for the
∑∞
n=2 2nMn = 0 energy
and momentum eigenstate with current maximum abso-
lute value whereas it is finite for the
∑∞
n=2 2nMn > 0
energy and momentum eigenstates with current maxi-
mum absolute value. For mS → 0 it is behind the factor
2S/Mh1 in Eq. (B5), which renders the currents of Eqs.
(B4) and (B5) equal. However, upon increasing mS it
leads only to a partial cancelation, the net result being
that the maximum absolute value of the overall spin cur-
rent carried by the
∑∞
n=2 2nMn > 0 energy and momen-
tum eigenstates becomes smaller than that carried by the∑∞
n=2 2nMn = 0 energy and momentum eigenstate with
the same S value.
That the minimum value of the current gap ∆J , Eq.
(57), increases upon increasing mS is simple to realize
for mS > 1/3. Then the number of n = 1 band particles
becomes smaller than that of n = 1 band holes. For the
range 1/3 < mS < 1 it is then more convenient to use the
representation within which the n-band particles are the
effective current carriers. Within that representation the
spin currents are given by Eq. (36). For 1/3 < mS < 1
the maximum absolute values of the corresponding n > 1
elementary currents jn(qj), Eq. (37), appearing in Eq.
(36) remain in general smaller than that of the n = 1
elementary currents j1(qj).
Furthermore, the use of the number of pairs sum rule∑∞
n=1 nMn = (L − 2S)/2, Eq. (23), reveals that one
has M1 = M
0
1 = (L − 2S)/2 effective current carri-
ers for the
∑∞
n=2 2nMn = 0 reduced subspace whereas
that number decreases to
∑∞
n=1Mn < (L − 2S)/2 =∑∞
n=1 nMn for the other reduced subspaces. Hence
M01 = (L−2S)/2 for the former reduced subspace exactly
equals
∑∞
n=1 nMn = (L−2S)/2 for the latter subspaces.
The difference in the number of effective current carriers
of both types of reduced subspaces then reads,
δNcarriers = M
0
1 −
∞∑
n=1
Mn =
∞∑
n=1
nMn −
∞∑
n=1
Mn
=
∞∑
n=1
(n− 1)Mn . (B6)
On the one hand, each of the M1 = M
0
1 = (L− 2S)/2
n = 1 band particles of the reduced subspace for which
Mn = 0 for n > 1 carry an elementary current j1(qj), Eq.
(37) for n = 1, whose absolute value is in general larger
than that of the n > 1 elementary currents jn(qj) in the
general spin current expression, Eq. (36). The latter are
carried by the n > 1 band particles of subspaces with
a finite number
∑∞
n=2Mn of n-pair configurations with
n > 1 pairs.
On the other hand, the numberM1 = M
0
1 = (L−2S)/2
of current carriers of the subspace for which Mn = 0 for
n > 1 is larger than the number
∑∞
n=1Mn < (L− 2S)/2
of carriers of subspaces with a finite number of n > 1 n-
pair configurations. Indeed, (L− 2S)/2 =∑∞n=1 nMn >∑∞
n=1Mn for the latter subspaces.
The interplay of these two properties justifies why the
reduced subspace with no n > 1 band particles is that
whose maximum current absolute value is largest. This
effect is easiest to describe in the (1 − mS) ≪ 1 limit
in which the minimum value of the current gap ∆J , Eq.
(57), reaches its largest value, ∆J = 2J . Within this
limit the n > 1 elementary currents jn(qj), Eq. (37), in
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Eq. (36) become equal to the n = 1 elementary currents
j1(qj). Specifically, jn(qj) = −2J sin qj for all n values.
(In this limit there are no phase-shift elementary current
deviations, δjn(qj) = 0.)
The asymmetric compact distribution of the Mn n-
band particles is for (1 − mS) ≪ 1 centred at momen-
tum qj = −π/2. Combining that for (1 −mS) ≪ 1 and
thus mn ≪ 1 all n-band particles carry the same elemen-
tary current ≈ −2J sin(−π/2) = 2J with the number∑∞
n=1Mn of n-band particles at fixed S value decreasing
for larger occupancies of n-bands with increasingly larger
number n of bound spin-singlet pairs, one finds that in
that limit the general current gap ∆J , Eq. (57), reads
2J
∑∞
n=1(n− 1)Mn.
This is indeed the exact expression, Eq. (58), obtained
in this limit from the use of the solutions of Eqs. (46)
and (47) in the current expressions, Eqs. (40) - (44). It
equals 2J times the difference in the number of effective
current carriers δNcarriers of both types of reduced sub-
spaces, Eq. (B6). The minimum value of the mS → 1
current gap ∆J , Eq. (58), is 2J . It corresponds to the re-
duced subspace for which M1 = (L− 2S)/2− 2, M2 = 1,
and Mn = 0 for n > 2.
Consistently, the minimum value of the general current
gap∆J , Eq. (57), is in the rangemS ∈ [0, 1] an increasing
a function of mS with limiting values given in Eq. (59).
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